We study the scaling properties of the clusters grown by the Wolff algorithm on seven different Sierpinski-type fractals of Hausdorff dimension 1 < d f ≤ 3 in the framework of the Ising model. The mean absolute value of the surface energy of Wolff cluster follows a power law with respect to the lattice size. Moreover, we investigate the probability density distribution of the surface energy of Wolff cluster and are able to establish a new scaling relation. It enables us to introduce a new exponent associated to the surface energy of Wolff cluster. Finally, this new exponent is linked to a dynamical exponent via an inequality.
In 1966, Kadanoff proposed an intuitive renormalization picture [1] to explain the Widom's phenomenological hypothesis [2] . This hypothesis states a homogeneous transformation of the singular part of the free energy per spin under a change of length unit from 1 to b in the vicinity of the critical temperature T c and can be written as
where d is the integer space dimension of a translationally invariant system; the reduced temperature t = T /T c − 1 and the external field h are supposed to be small; y t and y h are two exponents associated with the two relevant directions of the renormalization flows.
One notices that a translationally invariant system of dimension d is auto-similar and can be considered as a particular case of fractal. In the case of a general fractal system, the translational symmetry is broken; however, a generalization of the space dimension can constructed by iteration of a generating cell, b cannot take any value; it must be chosen so that the fractal structure remains invariant under the change of length unit. The critical behaviors of spin models on fractals whose Hausdorff dimension lies between 1 and 3 have been studied intensively by Monceau and Hsiao and co-workers [3, 4, 5, 6] are the critical exponents associated to the susceptibility and the correlation length [9] .
It provides an alternative way to calculate γ/ν. Monceau and Hsiao checked that the values of γ/ν calculated from the Wolff mean cluster sizes are consistent with the ones calculated from the behavior of the maxima of the susceptibility with respect to L in the case of the Sierpinski fractals with Hausdorff dimensions betweeen 1 and 3. [10, 11] Moreover, the most striking result they carried out is the scaling invariance of the Wolff cluster size probability densities P(s) under a suitable rescaling. This scaling law holds at the critical point and reads
where s denotes the size of Wolff cluster associated with a Monte Carlo step and b is some appropriate change of length scale which keeps invariant the fractal structure. They proved that the exponent x is equal to y h = β/ν + γ/ν where β is the critical exponent associated to the magnetic moment. This scaling law can be understood as a decrease of Wolff cluster size by a factor b y h under the change of the length scale 1 → b. During the simulations of the Ising model, the total magnetization M and the total energy E are calculated at each update of the spin state configuration. As a matter of fact, the absolute difference |∆M| between two successive values of M is equal to two times the size of the Wolff cluster grown during a Monte Carlo step. Hence, the scaling law described in Eq. (2) is satisfied by the probability density distribution of |∆M|. It is worth noticing that the mean absolute difference |∆E| between two successive values of the total energy represents two times the surface energy of the Wolff cluster. Thus, there is much to learn in studying the scaling properties of |∆E| and the associated probability density distribution. The purpose of this paper is to study the behavior of the surface energy of Wolff clusters grown on fractal lattices at the critical point. We investigate seven different Sierpinski-type fractals of Hausdorff dimension lying between 1 and 3. The lattices are generated iteratively from some generating cells and denoted
ℓ is the size of the generating cell, d is the integer space dimension in which the lattice is embedded, n occ is the number of occupied sites in the generating cell, and k is the number of iteration steps. Ising spins are placed at each center of the occupied sites. The size of shown that the Ising model exhibits a second order ferromagnetic phase transition on a fractal, provided that the lattice has a particular geometrical property: the ramification order must be infinite [12] . It is the case for the fractals studied here. Moreover, the critical temperatures T c on these fractals are available [4, 5, 13, 14] and their values are recalled in the table 1. The mean absolute value of the Wolff cluster surface energy can be calculated from the relation
where N sim is the total number of Monte Carlo steps and E n is the total energy of the n-th updated configuration. Firstly, we found that |∆E| follows power laws at T c with respect to the lattice size L in the case of the seven different fractals we investigated.
It enables to define a surface exponent: |∆E| ∼ L S W . Fig.1 shows the behavior of |∆E| as a function of L in logarithmic coordinates. The points line up along straight lines except for the small sizes, where the scaling corrections due to the finite-size effects are expected. It has been suggested that these corrections have a topological character and are linked to the slow convergence towards the thermodynamical limit in the case of the fractals with broken translational symmetry [5] . As a matter of fact, |∆E| follows perfectly a power law in the case of the translationally invariant lattices SP (2 2 , 4, k) and
where L increasing as a geometrical series covers many orders of magnitude.
We report the measured surface exponent S W in the have omitted the small-size data when extrapolating the thermodynamical limit, a slow crossover behavior may be interpreted as an asymptotic one. A detailed study shows that the points in Fig.1 exhibit a very slight concavity. The reported value S W , hence, should be taken as an upper bound in a strict sense; however, the real thermodynamical-limit value is expected to be very close to the reported one.
We are now able to go further and study the scaling properties of the probability density distributions P(|∆E|) of Wolff cluster surface energy. The curves showing P(|∆E|)
are similar to each other in logarithmic coordinates. These results suggest to write down a homogeneous transformation under the form:
where D S and y S are some introduced exponents. An intuitive guess is to set D S equal to d f − 1 since it describes the usual surface dimension of a system of bulk dimension d f .
According to Eq.(4), |∆E| should scale as :
where we have performed the change of variable |∆E ′ | = b −y S |∆E|. Since the correlation length is divergent at T c , we can set b equal to the lattice size L = ℓ k . |∆E| is, therefore, proportional to L −(d f −1)+2y S . We are, hence, able to obtain a relation linking the exponents S W and y S :
The values of y S calculated from Eq.(5) for the seven fractals investigated are given in the table 1.
The similarity property of the curves showing the probability density distributions P(|∆E|) and the validity of the homogeneous transformation Eq.(4) can be brought out in the following way: for a given structure at different values of the iteration step k, the curves showing P(|∆E|) collapse onto the one corresponding to the lattice of the largest size L = ℓ kmax under the mapping: Table 1 . It confirms that D S is equal to d f − 1 (It has also been checked for the four other fractals). Furthermore, P(|∆E|) does not exhibit a peak as P(s) does. The effect of segregation between large and small clusters mentioned in Ref. [10, 11] is smoothed in the behavior of P(|∆E|). It means that an important part of the simulation is carried out in updating large clusters; however, the update of the large clusters does not necessarily imply a large change of the total energy. For a given cluster size, the probability distribution of the border surface is broad.
A fundamental question is to know if the introduced exponent y S is a new one, that is, if it is independent of the two renormalization group eigen-exponents y t , y h and the on the hierarchical lattices without translational symmetry should depend on the lattice structure [4, 5] . Hence, y S associated to the fractals with broken translational symmetry depends on the lattice structure too.
As the Wolff clusters are dynamical objects, we exploit here the connection between the surface exponent y S and the dynamical scaling exponent. We firstly study the mean square surface energy of Wolff cluster
We find that (∆E) 2 lines up along straight lines with respect to L except for the small lattice sizes in logarithmic coordinates for the seven fractals investigated (see Fig.3 ).
The associated exponent u, defined by (∆E) 2 ∼ L 2u , could be measured in the same way as described in the previous text for the exponent S W ; the values of u are reported in the table 1. We, then, express (∆E) 2 as 2 [
is the normalized autocorrelation function. Since the autocorrelation time is much longer than 1 (in some appropriate time unit), 1−θ EE (1) represents approximatively the negative derivative of the autocorrelation function at the origin. It enables to define a statistic-fluctuation autocorrelation time τ E sf and an associated dynamical exponent z
sf . [16] Notice that, according to Eq.(1), the term 
2 follows a power law, a homogeneous transformation for the probability density of (∆E) 2 can be stated; it takes the following form
and has been verified on the seven fractals investigated here. In this case, (∆E 
